Mechanics of Materials 164 (2022) 104098

Contents lists available at ScienceDirect

Mechanics of Materials
journal homepage: www.elsevier.com/locate/mecmat

Invited paper

Three-dimensional stress state during dynamic shear rupture propagation
along frictional interfaces in elastic plates
R. Rezakhani a,b , V. Rubino c ,∗, J.F. Molinari b , A. Rosakis c
a
b
c

Department of Mechanical Engineering and Material Science, Duke University, Durham, NC, USA
Civil Engineering Institute, Materials Science and Engineering Institute, Ecole Polytechnique Fédérale de Lausanne (EPFL), Lausanne, Switzerland
Graduate Aerospace Laboratories, California Institute of Technology, Pasadena, CA, USA

ARTICLE

INFO

Keywords:
Dynamic shear ruptures
Friction
Finite element method

ABSTRACT
The state of stress in plates, where one geometric dimensions is much smaller than the others, is often assumed
to be of plane stress. This assumption is justified by the fact that the out-of-plane stress components are zero
on the free-surfaces of a plate to satisfy the boundary conditions, and have little chance to develop in the bulk,
due to the small thickness of the plate. At the same time, it is known that the static stress field associated with
cracks approximates plane-strain conditions in the near-crack tip. However, it is not clear how the pre-existing
plane-stress field of a plate is modified by a propagating dynamic shear rupture. Here we study the particle
velocities and stress fields of dynamic shear ruptures in mode II propagating along the predefined frictional
interface of two plates of an elastic material, loaded in compression and shear, using three-dimensional finite
element modeling. The numerical simulations show the rapid development of out-of-plane stresses in the
interior of the specimen, between the free surfaces. The out-of-plane normal stress is characterized by an antisymmetric pattern with lobes of alternating polarity, in planes parallel to the free-surfaces. On the interface
plane, the out-of-plane stress has a complex pattern exhibiting an initial sudden variation over the planestress conditions followed by crisscrossing features, behind the rupture tip. This study shows how plane-stress
conditions, defining the state of stress before rupture arrival, are suddenly altered during dynamic rupture
propagation. The out-of-plane stress rapidly deviates from the free-surface condition and a state of equivalent
plane-strain in the stress-changes field is attained at the rupture tip, while behind the rupture tip a fully
three-dimensional stress state is established. The three-dimensional finite element simulations presented here
help interpret and explain previous experiments of dynamic shear ruptures by showing the complex particle
velocity and stress fields in the interior of the specimen and along the interface plane, which are currently
not accessible to full-field experimental measurements.

1. Introduction
Dynamic shear cracks are relevant to a wide range of fields spanning
from engineering to geophysics (Freund, 1998; Scholz, 2019). Some
applications include fiber pull-out in the failure of composite materials (Tsai et al., 2005), bimaterial structures (Rosakis et al., 1998),
vehicle brake systems (Liu and Chen, 2016), and earthquakes (Rice,
1983; Kanamori and Brodsky, 2004). Dynamic shear cracks have been
the object of several theoretical, numerical, and experimental studies (Freund, 1998; Needleman, 1999; Rosakis et al., 2007; Liu and
Lapusta, 2008; Ben-David et al., 2010; Passelegue et al., 2013; Fineberg
and Bouchbinder, 2015; Kammer et al., 2015; Bayart et al., 2016;
Rubino et al., 2019, 2020; Barras et al., 2019, 2020; Brun et al.,
2020; Fekak et al., 2020; Rezakhani et al., 2020; Rosakis et al., 2020;
Svetlizky et al., 2020). In theoretical studies, the state of stress is often

assumed to be two-dimensional, typically plane strain for analytical
models and either plane strain or plane stress in numerical simulations,
depending on the geometry (Needleman, 1999; Coker et al., 2005; Shi
et al., 2008). In plates, the stress state is normally assumed to be plane
stress, due to the fact that the out-of-plane stress components are zero
on the free surfaces to satisfy the boundary conditions, and due to small
thickness of the plate compared to the other dimensions. However,
crack propagation perturbs this state of stress, also affecting the behavior of other field quantities. The degree of stress three-dimensionality
of crack fields in plates has been object of previous investigations
for mode I cracks, particularly with reference on the interpretation
of experiments with the techniques of caustics and Coherent Gradient
Sensing (CGS) (Rosakis and Ravi-Chandar, 1986; Rosakis et al., 1990;
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Fig. 1. (a) Schematic of the laboratory experimental setup, where dynamic ruptures propagate along the frictional interface of two plates of thickness ℎ = 10 mm. The vertical
loading produces interface-normal and shear pre-stresses on the interface inclined by an angle 𝛼. Ruptures are nucleated in the lab by the small burst of a NiCr wire placed across
the interface. (b) A generic finite element mesh generated to illustrate the model. A coarse finite element discretization is used in the illustration for the sake of clarity. In the
finite element simulation, linear hexahedral elements of 0.45 mm size are employed, discretizing the interface in 𝑥1 direction with 500 elements. The simulations consider two
different thicknesses ℎ = 10 and 20 mm. The origin of the reference system is located at the intersection of the interface plane, and the two midplanes, such that the two larger
free-surfaces are located at 𝑥3 = ± ℎ.

Fig. 2. (a) Evolution of the interface-normal stress as a result of the pressure transient on the nucleation zone to trigger rupture propagation. (b) Coefficient of friction measured
in laboratory experiments (Rubino et al., 2017) and the idealized slip-weakening law implemented in the numerical simulations.

Zehnder and Rosakis, 1990; Lee and Rosakis, 1993). These studies
revealed the prevalence of plane-stress state at distances larger than
half thickness from the crack tip, and a three-dimensional stress state
in the near-tip field, approaching plane strain at the crack tip. While
three-dimensional simulations have studied the near-tip fields of shear
cracks (Svetlizky et al., 2020), the stress state of dynamic cracks in
mode II has not been thourougly investigated so far. In particular, it
is not clear how the propagation of dynamic shear cracks results in the
emergence of the out-of-plane stress component and how this affects
the displacement and velocity fields. Shear cracks can propagate along
coherent or incoherent interfaces. Coherent interfaces are characterized
by finite strength and toughness and can resist opening and shear, while
incoherent interfaces are governed by the frictional strength of the
interface (Rosakis et al., 2007). In this paper, we study numerically the
state of stress in the interior of a specimen with a plate configuration,
during the propagation of dynamic frictional ruptures along a preexistent interface using finite element simulations. The finite element
model replicates the key ingredients of dynamic ruptures propagating
in the specimens used in the laboratory configurations of Rosakis and
co-workers (Rosakis et al., 2007, 2020), and allows us to extend the

parameter space over the experimental range, and to study the effect
of thickness on the state of stress.
In the laboratory configuration studied, dynamic shear cracks are
produced as frictional ruptures propagating along the interface made by
two plates of a polymeric material (typically Homalite-100 or PMMA),
inclined by an angle 𝛼 (Fig. 1a) (Rubino et al., 2019; Rosakis et al.,
2020). A compressive, vertical load 𝑃 is applied on the specimen
top and bottom faces and produces resolved normal and shear prestress components on the interface, given by 𝜎𝑛0 = 𝑃 cos2 𝛼 and 𝜏 0 =
𝑃 cos 𝛼 sin 𝛼, respectively. Dynamic ruptures are initiated by the sudden
pressure release of a thin electric wire placed across the interface. This
laboratory setup has been used to mimic earthquake ruptures propagating as shear cracks along pre-existing faults in the Earth’s crust and
it has been instrumental to study key earthquake physics issues, at first
using diagnostics based on photoelasticity and laser velocimetry (Xia
et al., 2004; Rosakis et al., 2007; Mello et al., 2010; Gabuchian et al.,
2017), and recently using digital image correlation (Rubino et al., 2015,
2017; Gori et al., 2018; Rubino et al., 2019; Tal et al., 2019; Rosakis
et al., 2020; Rubino et al., 2020; Tal et al., 2020). In particular, the
present experimental configuration of the setup featuring ultrahighspeed photography coupled with 2D digital image correlation (DIC)
2
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Fig. 3. Snapshots of the in-plane particle velocity fields 𝑢̇1 (left) and 𝑢̇2 (right) on the free-surface (𝑥3 = ℎ∕2) at 𝑡 = 54 μs, for the case of ℎ = 10 mm (a, b) and ℎ = 20 mm (c,
d). The ranges of in-plane axes in the maps are 80 < 𝑥1 < 227 mm and −70 < 𝑥2 < 70 mm. Both velocity fields display sharp features associated with the formation of shear Mach
fronts during supershear rupture propagation. A secondary peak in 𝑢̇1 appears along the interface behind the rupture tip and is linked to the propagation of the Mach features
through the plate thickness, as explained in the text.

allows the measurement of the in-plane full-field displacements, particle velocities and strains, as well as stresses on the specimen’s outer
surface (Rubino et al., 2019; Rosakis et al., 2020). However, the current
experimental configuration does not allow to measure field quantities
in the interior of the specimen. Also, as these measurements are based
on a 2D-DIC approach, they cannot capture the distribution of the
out-of-plane components. Previous numerical simulations of this setup
assumed a plane-stress state (Lu et al., 2009; Mello et al., 2010), due
to the relatively small thickness of the specimen (10 mm) compared
to the other dimensions (typically 200 x 200 mm2 ). However, recent
experimental measurements indicate that a three-dimensional stress
state may develop in the interior during dynamic rupture propagation.
Experimental measurements of the pressure 𝑐𝑝 and shear 𝑐𝑠 wave
speeds, performed by tracking wave fronts in photoelastic fringe maps
obtained during rupture propagation in such plates, reveal that the
wave speed ratio is 𝑐𝑝 ∕𝑐𝑠 = 2 (Mello et al., 2010, 2016), suggesting
conditions close to plane strain even for specimens of 10 mm thickness
(and other dimensions 20 times larger than the thickness). Photoelastic
fringe patterns are produced in transmission mode, i.e. shining a laser
beam from one side of a specimen and collecting it from the other, and
are based on the change of an optical property, the refraction index of
bi-refringent materials such as Homalite-100, while being mechanically
deformed. As a result, these measurements carry information about
the state of stress in the interior of the specimen. The fringe patterns

obtained from photoelasticity are related to the maximum shear stress
and do not provide information about the individual stress components.
Nonetheless, the ratio of pressure to shear wave speed is a useful piece
of information as it is related to the state of stress in the interior
of the specimen. The wave speed ratio is a function
of the Poisson’s
√
ratio 𝜈 of the solid, and it is given by 𝑐𝑝 ∕𝑐𝑠 = 2(1 − 𝜈)∕(1 − 2𝜈) for
√
plane-strain conditions, and by 𝑐𝑝 ∕𝑐𝑠 =
2∕(1 − 𝜈) for plane-stress
conditions, respectively. Using the Poisson’s ratio of Homalite-100, 𝜈 =
0.35, yields a 𝑐𝑝 ∕𝑐𝑠 ratio of 2.08 and 1.75, for plane-strain and planestress conditions, respectively. Hence, the experimental measurement
of 𝑐𝑝 ∕𝑐𝑠 = 2 would suggest that plane strain conditions prevail.
The dynamic ruptures studied here replicate the experimental configuration of Rubino et al. (2019, 2020) with a pre-stress level such
as to produce intersonic ruptures. Intersonic, or supershear, ruptures
are ruptures propagating at speeds exceeding the shear wave speed of
the material but less than the pressure wave speed. Supershear rupture
propagation was initially surmised based on theoretical and numerical
analysis (Burridge, 1973; Andrews, 1976), it was later discovered in
the laboratory (Rosakis et al., 1999; Rubinstein et al., 2004; Xia et al.,
2004), and was subsequently inferred for crustal earthquakes (Bouchon
et al., 2001; Ellsworth et al., 2004). Here we focus on the stress field
associated with supershear rupture propagation along the frictional
interface of plates with various thicknesses. The paper is organized
as follows. First, we detail the finite element model, we describe the
3
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Fig. 4. Snapshots of the out-of-plane particle velocity field 𝑢̇3 on the free-surface (𝑥3 = ℎ∕2) during rupture propagation at 𝑡 = 54 μs for a plate thickness ℎ of (a) 10 mm and (b)
20 mm. The out-of-plane velocity field has an anti-symmetric structure and is characterized by lobes of alternating sign. The ranges of in-plane axes in the maps are 80 < 𝑥1 < 227
mm and −70 < 𝑥2 < 70 mm.

Fig. 5. Maps of the in-plane stress changes in the 𝑥1 (left) and 𝑥2 (right) directions on the free-surface (𝑥3 = ℎ∕2), at 𝑡 = 54 μs, for the plates of thickness ℎ = 10 mm (a, b) and
0
0
ℎ = 20 mm (c, d). The stress changes are defined with respect to the pre-stress levels before rupture arrival as: 𝜎̃ 11 = 𝜎11 − 𝜎11
and 𝜎̃ 22 = 𝜎22 − 𝜎22
in the interface-parallel (𝑥1 )
and interface-normal (𝑥2 ) directions, respectively. The maps are given in a region around the rupture tip, with in-plane axes range 80 < 𝑥1 < 227 mm and −70 < 𝑥2 < 70 mm. The
in-plane stress fields are related to the corresponding in-plane velocity fields and display similar features associated with the formation of shear Mach cones.

4
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Fig. 6. Maps of the out-of-plane stress 𝜎33 on the quarter (𝑥3 = ℎ∕4) and middle planes (𝑥3 = 0) at 𝑡 = 54 μs, for the ℎ = 10 mm (a, b) and ℎ = 20 mm (c, d) thick plates. The plot
is produced for a portion of the finite element model close to the rupture tip, such that 80 < 𝑥1 < 227 mm and −70 < 𝑥2 < 70 mm.

in-plane and out-of-plane particle velocity fields on the outer surface, the in-plane stress components on the free-surface and the out-of
plane stress in the interior of the specimen, for plates of two different
thicknesses. Then, we analyze the particle velocities and shear stress
components on the interface clarifying the kinematics as well as the
deformation mode of dynamic shear ruptures through the specimen’s
thickness. Finally, we analyze the out-of-plane stress and the degree of
stress three-dimensionality on the interface plane. This analysis shows
the rapid development of a three-dimensional state of stress with the
rupture arrival. The stress state approximates a state of plane-strain in
the stress change components at the rupture front and has a complex
pattern behind the rupture tip.

reference system is located at the intersection of the interface plane,
and the two other midplanes, such that the two larger free-surfaces
are located at 𝑥3 = ± ℎ∕2. The stress boundary conditions applied
0 = −𝑃 sin2 (𝛼); 𝜎 0 = −𝑃 cos2 (𝛼);
on the solids are computed as: 𝜎11
22
0 = −𝑃 sin(𝛼) sin(𝛼). Using the values of 𝑃 = 23 MPa and 𝛼
and 𝜏12
0 = −5.4 MPa; 𝜎 0 =
= 29, the applied stresses are calculated as: 𝜎11
22
0 = −9.75 MPa. The superscripts denote the prestresses
−17.59 MPa; 𝜏12
applied on the interface before rupture nucleation takes place. In the
model we use the effective linear–elastic properties of Homalite-100,
with a Young’s modulus 𝐸 = 5.3 GPa, Poisson’s ratio 𝜈 = 0.35, and mass
density 𝜌 = 1200 kg∕m3 (Rubino et al., 2019). The solids are discretized
with uniform structured linear hexahedral elements of 0.45 mm edge
length, which results in 500 elements along 𝑥1 axis. Explicit dynamic
time integration is employed to perform the finite element simulations.
In each computational time step, a node-to-node contact algorithm is
enforced on the interface between the two blocks, in which the contact
forces required to prevent interpenetration is computed based on the
nodal displacements perpendicular to the contact plane. In addition, for
every node pair on the interface, frictional forces are calculated using
the computed contact forces and the friction coefficient at that nodal
position. The friction coefficient, in turn, is computed as a function
of slip as described below in this section. Further details of the finite
element modeling of contact and frictional interfaces is reported in
Rezakhani et al. (2020). The numerical models described here are
performed using the parallel open-source finite element library Akant,
which can accessed at https://akantu.ch/.

2. Finite element analysis of dynamic shear ruptures
2.1. Finite element modeling of the experimental ruptures
Dynamic ruptures along the interface of plates of various thicknesses
are simulated numerically using a finite element model, inspired by the
experimental setup described by Rubino et al. (2017). Two solid blocks
of length 𝐿 = 227 mm, height 𝐻 = 70 mm, and thickness ℎ are in
contact along the 𝐿 × ℎ surface, as shown in Fig. 1b. Two different
thicknesses ℎ = 10 and 20 mm are used to investigate the effect of ℎ in
developing the out-of-plane stress. The reference systems has axes 𝑥1
and 𝑥2 in the interface-parallel and interface-normal directions respectively, and 𝑥3 axis denoting the out-of-plane direction. The origin of the
5
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Fig. 7. Slip rates and shear stresses for the specimens of thickness ℎ = 10 mm. (a) In plane and (b) out of plane slip rates. (c) In-plane and (d) out-of-plane shear stress components
along the interface. The slip rates and shear stresses are plotted at time 𝑡 = 45 μs after rupture nucleation.

In order to mimic the experimental rupture nucleation procedure (Lu
et al., 2009, 2010; Rubino et al., 2017, 2019), the effects of the
localized pressure increase is mimicked by a sudden reduction in the
normal stress over a small region of the interface, the nucleation
zone, and is then increased to its initial value. In the finite element
simulations, the nucleation zone is considered as a rectangular patch
with its center placed at 𝑥1 = 70 mm and dimensions of ℎ × 15 mm,
which results in its edge along 𝑥1 axis over 62.5 < 𝑥1 < 77.5 mm. The
evolution of the normal stress over the nucleation zone follows:
⎧𝜎 0 − 𝛥𝑃 cos ( 𝜋 −
2
⎪ 22
⎪ 0
⎪𝜎22 − 𝛥𝑃
𝜎22 (𝑡) = ⎨
∗
0 − 𝛥𝑃 cos ( 𝜋𝑡 )
⎪𝜎22
2𝑡0
⎪
⎪𝜎 0
⎩ 22

𝜋𝑡
)
2𝑡0

pressure increase 𝛥𝑃 , and its time duration 𝑇0 , are chosen in order to
produce supershear ruptures, as observed in the experiments under the
same level of applied loading.
Dynamic rupture propagation along the frictional interface is controlled by the evolution of the friction coefficient with slip and slip
rate. In the FE model presented here, we implement a commonly
used friction law, the slip-weakening formulation of friction (Kanamori
and Rivera, 2006; Liu and Lapusta, 2008; Dedontney et al., 2008;
Templeton et al., 2009). In this formulation, the friction coefficient 𝑓
decreases linearly with slip 𝛿 from the static value 𝑓𝑠 to the dynamic
level 𝑓𝑑 , over a length scale 𝐷𝑐 , according to:
{
𝑓𝑠 − 𝐷𝛿 (𝑓𝑠 − 𝑓𝑑 ) if (𝛿 < 𝐷𝑐 )
𝑐
𝑓=
(2)
𝑓𝑑
if (𝛿 > 𝐷𝑐 )

if 𝑡 < 𝑡0
if 𝑡0 < 𝑡 < 𝑡0 + 𝑇0

(1)

if 𝑡0 + 𝑇0 < 𝑡 < 2𝑡0 + 𝑇0

In the linear slip-weakening law 𝑓𝑠 , 𝑓𝑑 , and 𝐷𝑐 are considered as
material constants. At the same time, experiments have shown that
these parameters, and in turn friction evolution, are actually controlled
by slip rate and its history, as well other effects (Dieterich, 2007; BenDavid et al., 2010; Goldsby and Tullis, 2011; Di Toro et al., 2011; Ikari
et al., 2011; Brown and Fialko, 2012; Rubino et al., 2017). Linear slipweakening can be used, nonetheless, as an effective law with 𝑓𝑠 , 𝑓𝑑
and 𝐷𝑐 as effective parameters (Rubino et al., 2017; Rosakis et al.,
2020), which are calibrated using the experimental measurements as
illustrated in Fig. 2b. The effective friction parameters employed in
the simulations are: 𝑓𝑠 = 0.64; 𝑓𝑑 = 0.24, and 𝐷𝑐 = 25 μm (Fig. 2b),
consistent with the experimental measurements presented by Rubino
et al. (2017) for dynamic ruptures produced with the same level of
applied prestress.

if 𝑡 > 2𝑡0 + 𝑇0

in which 𝑡 is time; 𝛥𝑃 is the amount of pressure increase; 𝑡0 is the
duration of pressure variation phase; 𝑇0 is the duration, over which
the reduced normal pressure is maintained; and 𝑡∗ = 𝑡 − 𝑡0 − 𝑇0 .
Using 𝛥𝑃 = 15 MPa; 𝑡0 = 10 μs; and 𝑇0 = 30 μs, variation of 𝜎22
over the nucleation zone with respect to time is plotted in Fig. 2a.
As a result of the normal stress reduction over the nucleation zone
described above, the applied shear stress on the interface overcomes
the frictional strength leading to rupture propagation. Once nucleated,
dynamic ruptures propagate bilaterally and symmetrically along the
𝑥1 axis in the numerical simulations, similarly to the experimental
ruptures. For the sake of clarity, we present the velocity and stress fields
associated with the portion of the rupture propagating in the positive
𝑥1 axis. The length scale over which the pressure perturbation occurs
is chosen to roughly match the experimentally observed soot size, left
in the wake of the wire burst. All other details describing the initiation
procedure in the finite element simulation, including the amount of the

2.2. Analysis of the finite element results
Two key quantities in the study of shear ruptures are the displacement jump across the interface, the slip 𝛿, and its rate 𝛿.̇ Slip is
6
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Fig. 8. Slip rates and shear stresses for the specimens of thickness ℎ = 20 mm. (a) In plane and (b) out of plane slip rates. (c) In-plane and (d) out-of-plane shear stress components
along the interface. The slip rates and shear stresses are plotted at time 𝑡 = 45 μs after rupture nucleation.

Fig. 9. Slip rate time history in the interface-parallel direction measured at 𝑥1 = 82 mm from the nucleation site for a plate thickness of (a) 10 mm and (b) 20 mm. In each
case, the slip rate is measured on the free-surface (𝑥3 = ℎ∕2), and on the midplane (𝑥3 = 0). These plots show the presence of two peaks, whose spatial and temporal spacing
increases with the plate thickness. The double-peak feature is due to the formation of shear Mach cones through the thickness of the specimen, as shown by Figs. 7a and 8a, and
as discussed in the text.

7
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Fig. 10. Slip rate 𝛿̇ 𝐼𝐼 map for the plate of thickness ℎ = 10 mm at 𝑡 = 45 μs together with plots of 𝛿̇ 𝐼𝐼 vs. 𝑥1 plotted at the free-surfaces 𝑥3 = −ℎ∕2 (top) and 𝑥3 = ℎ∕2 (bottom).

computed along the interface plane 𝑥2 = 0 in the 𝑥1 and 𝑥3 directions
as the difference of the in-plane 𝑢1 and out-of-plane 𝑢3 displacement
components of adjacent nodes immediately above and below the interface, e.g. 𝛿𝐼𝐼 (𝑥1 , 𝑥3 ) = 𝑢−
(𝑥 , 𝑥 ) − 𝑢+
(𝑥 , 𝑥 ), and 𝛿𝐼𝐼𝐼 (𝑥1 , 𝑥3 ) =
1 1 3
1 1 3
+
−
𝑢3 (𝑥1 , 𝑥3 )−𝑢3 (𝑥1 , 𝑥3 ), for mode II and mode III motions respectively. The
notation 𝑢+ and 𝑢− refers to the displacement components of the nodes
immediately above and below the interface at 𝑥2 = 0, respectively. The
in-plane 𝛿̇ 𝐼𝐼 (𝑥1 , 𝑥3 ), and 𝛿̇ 𝐼𝐼𝐼 (𝑥1 , 𝑥3 ) slip rate components are computed
as the time derivatives of the corresponding slip components.
Rupture speed is computed by tracking the rupture tip of the
propagating ruptures along the interface. The rupture tip position as
a function of time is identified by analyzing the in-plane slip rate
component 𝛿𝐼𝐼 (𝑥1 , 𝑥3 ) vs. position on the interface 𝑥2 = 0. A threshold
of 0.5 m/s is set on the slip rate to determine rupture arrival. Slip rate
curves are considered with a temporal interval of 5 μs. Rupture speed
is then obtained as the time derivative of the rupture tip position time
function.

models of dynamic shear ruptures in mode II (Freund, 1998; Mello
et al., 2016), and consistent with recent full-field experimental measurements (Rosakis et al., 2020; Rubino et al., 2020). The particle
velocities are also characterized by sharp discontinuities associated
with the formation of shear Mach cones (Fig. 3), indicating the supershear nature of the dynamic rupture. Supershear propagation is due to
the relatively high level of applied pre-stress, in line with theoretical
predictions and experimental findings (Burridge, 1973; Andrews, 1976;
Mello et al., 2010, 2016; Rubino et al., 2017). Tracking the rupture tip
along the interface, as explained in Section 2.2, confirms the supershear
nature of the ruptures presented here. This analysis results in rupture
speeds of 𝑉𝑟 = 2.23 km/s and 𝑉𝑟 = 2.31 for the two cases of ℎ = 10 mm
and 20 mm, respectively, which are greater than the shear wave speed
of Homalite-100, 𝑐𝑠 = 1.28 km/s.
The out-of-plane velocity field is characterized by an anti-symmetric
field, also displaying shock features associated with the shear Mach
cone (Fig. 4), though less prominent than for the in-plane components.
This field is the time derivative of the out-of-plane displacement 𝑢3 .
Note that the out-of-plane displacement 𝑢3 and velocity 𝑢̇3 depend
on the out-of-plane strain. The displacement field 𝑢3 on the freesurfaces is obtained from the out-of-plane strain, integrated over the
half thickness. For example, on the free surface 𝑥3 = ℎ∕2, the outℎ∕2
of-plane displacement is given by: 𝑢3 (𝑥1 , 𝑥2 ) = ∫0 𝜖33 (𝑥1 , 𝑥2 , 𝑥3 ) 𝑑𝑥3 ,
where 𝜖33 = −𝜈∕𝐸 (𝜎11 + 𝜎22 ) + 1∕𝐸 𝜎33 . Under plane-stress conditions,
𝜎33 = 0 through the thickness and the out-of-plane displacement may
be simply computed from the in-plane stress components: 𝑢3 (𝑥1 , 𝑥2 ) =
−𝜈ℎ∕2𝐸(𝜎11 +𝜎22 ) on the free-surface. This observation has an important
practical implication for the experimental measurements. Under planestress conditions, the out-of-plane displacement may be obtained from

3. Three dimensional finite element simulations describing the
state of stress in the interior of the specimen
3.1. In-plane and out-of-plane particle velocity fields
In this section we analyze the patterns of the in-plane (𝑥1 - 𝑥2 )
and out-of-plane (𝑥3 ) particle velocities. The components in the 𝑥1
(interface-parallel) and 𝑥2 (interface-normal) directions of particle velocity obtained from the FE simulations display an anti-symmetric and
symmetric pattern, respectively (Fig. 3), as expected from analytical
8
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Fig. 11. Slip rate 𝛿̇ 𝐼𝐼 map for the plate of thickness ℎ = 20 mm at 𝑡 = 45 μs together with plots of 𝛿̇ 𝐼𝐼 vs. 𝑥1 plotted at the free-surfaces 𝑥3 = −ℎ∕2 (top) and 𝑥3 = ℎ∕2 (bottom).

in-plane measurements without the use of complex diagnostics involved
for stereoscopic measurements of the out-of-plane displacements. However, as it will be shown shortly, dynamic rupture propagation results
in a three-dimensional stress state so that fully 3D FE simulations
are needed to correctly reproduce the displacement fields. Similarly,
the out-of-plane displacement component has to be experimentally
measured independently from the in-plane components, using a 3D
measurement approach. The out-of-plane velocity field is also characterized by lobes of different polarity, which will be interpreted in the
next section.

Before rupture arrival, plane stress conditions dominate over the
entire specimen, with 𝜎33 = 𝜎13 = 𝜎23 = 0, and 𝜕𝜎𝑖3 ∕𝜕𝑥3 = 0, with i =
1, 2, 3. As the rupture arrives, it perturbs the state of stress. Full-field
maps of the out-of-plane stress reveal the development of nonzero 𝜎33
in the bulk of the plate (Fig. 6), while maintaining 𝜎33 = 0 on the free
surfaces. The three-dimensional stress field is concentrated in the nearrupture tip, with plane-stress conditions still governing in the far field.
The maps of out-of-plane stress, produced on the midplane (𝑥3 = 0) and
on the quarter plane (𝑥3 = ℎ∕4), for both specimen thicknesses, indicate
that 𝜎33 intensifies as it reaches the midplane.
3.3. Slip rate and shear stress fields over the interface plane

3.2. Generation of out-of-plane stress in the interior of the specimen

In order to understand how slip rate and shear stress vary through
the thickness, we plot the slip rates and shear stress components along
the interface plane 𝑥2 = 0, for the two cases of plate thickness ℎ =
10 mm and 20 mm, in Figs. 7 and 8, respectively. The full-field maps
across the specimen’s thickness of both components of slip rate, 𝛿̇ 𝐼𝐼
and 𝛿̇ 𝐼𝐼𝐼 , and the out-of-plane shear stress 𝜏23 are characterized by
sharp features across the thickness of the specimen and intersecting
at the midplane. In particular, the in-plane component of slip rate
𝛿̇ 𝐼𝐼 = 𝑢̇ −
− 𝑢̇ +
exhibits a pronounced peak immediately behind the
2
2
rupture tip, followed by a second peak (Figs. 7a and 8a). This feature
becomes clearer when plotting 𝛿̇ 𝐼𝐼 (𝑡) vs. 𝑡, on the free-surface (𝑥3 = ℎ∕2)
and on the mid-plane (𝑥3 = 0) at a fixed location along the interface
(𝑥1 = 82 mm) (Fig. 9). The spacing between the two peaks changes
as a function of the coordinate 𝑥3 , with a maximum spacing on the

To better understand the effect of dynamic rupture propagation
on the stress pattern, we plot the in-plane stress changes over the
0
applied stress level before rupture arrival, namely 𝜎̃ 11 = 𝜎11 − 𝜎11
0
and 𝜎̃ 22 = 𝜎22 − 𝜎22 in the interface-parallel and interface-normal
direction, respectively. Similarly to the particle velocity fields, the inplane stress components display discontinuity features associated to the
supershear propagation of the dynamic rupture (Fig. 5). The interfaceparallel component displays two lobes associated with the dilatational
field, radiating from the rupture tip with the upper plate in tension
and the lower plate in compression. The interface-normal stress change
has corresponding tensional and compressional lobes radiating from
the rupture tip, followed by lobes of alternating polarity, behind the
rupture tip.
9
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Fig. 12. Maps of the out of plane stress 𝜎33 and degree of plane strain 𝐷 on the interface plane 𝑥2 = 0+ , on the first row of elements above the interface, at three time instants
and for the plate of thickness ℎ = 10 mm.

free-surface and minimum distance on the midplane, for each thickness.
Since the two peaks are generated by the field structure shown in
Figs. 7a and 8a, the specimen with larger thickness is also characterized
by a wider spacing of the peaks.
The double-peak feature has also been observed experimentally on
the outer surface, by means of laser velocimeter traces (Lu et al., 2010;
Mello et al., 2010) or digital image correlation measurements (Rubino et al., 2017, 2019), and has been attributed to the formation of
shear Mach cones in supershear ruptures through the thickness of the
specimen (e.g. Mello et al. (2010), Rubino et al. (2017)). According
to this idea, supershear ruptures propagating through thicker plates
would display a larger spacing between interface-parallel velocity, and
consequently slip rate, peaks. The increasing spacing of the particle
velocity peaks with plate thickness was verified experimentally by
performing particle velocity measurements on the outer surface, where
measurements are possible, of plates of various thicknesses (Lu et al.,
2010). On the other hand, the double-peak feature is not observed for
sub-Rayleigh ruptures where Mach features are not formed (Rubino
et al., 2020).
To verify that the observed structure, exhibited by the slip rate
𝛿̇ 𝐼𝐼 through the thickness of the specimen, is actually due to the
formation of a shear Mach cone, we check that the angle 𝛽 formed
by the slip rate feature with the specimen surface is consistent with
the Mach cone relation sin(𝛽) = 𝑐𝑠 ∕𝑉𝑟 . The angle 𝛽 can be measured
as: 𝛽 = arctan(ℎ∕(𝑑2 − 𝑑1 )), where 𝑑1 and 𝑑2 are the distances from
the initiation site of the intersection of the Mach feature with the
free surfaces at 𝑥1 = −ℎ∕2 and 𝑥1 = ℎ∕2, respectively (Figs. 10 and
11). This relation yields 𝛽 = 40.3◦ and 35.4◦ , for the specimens of
thickness ℎ = 10 and 20 mm, respectively. Using the measured angle 𝛽
and the shear wave speed 𝑐𝑠 , we can compute the estimated rupture
speed through the Mach cone relationship. The rupture propagation

speeds associated with the measured angle 𝛽 are 𝑉𝑟 = 𝑐𝑠 ∕ sin(𝛽) =
1.98 km/s and 2.21 km/s, for the case of lower and higher thickness,
respectively. These estimates are consistent (within 5%–10%) with the
rupture speed obtained independently by tracking the rupture tip, as
explained in Section 2.2, which gives 𝑉𝑟 = 2.23 km/s and 2.31 km/s,
for the two thicknesses, respectively. This analysis confirms that the
sharp features displayed by the full-field maps of the slip rates and
shear stress component 𝜏23 are indeed due to the formation of two
shear Mach cones, one on each side, where the rupture front intersects
the free surfaces at 𝑥3 = ± ℎ∕2. These shear Mach cones are visible
when monitoring the particle velocity on the free-surface 𝑥3 = ± ℎ∕2
(Fig. 3) and the slip rate features visualized in Figs. 7a and 8a are the
generatrices of such cones resulting from the intersection of the Mach
cone surface with the interface plane.
The through-thickness features of out-of-plane component of slip
rate 𝛿̇ 𝐼𝐼𝐼 = 𝑢̇ −
− 𝑢̇ +
and shear stress 𝜏23 display alternate polarity
3
3
(Figs. 7b–d and 8b–d, respectively). The development of out-of-plane
slip rate 𝛿̇ 𝐼𝐼𝐼 is explained by the anti-symmetric behavior of the out
of-plane particle velocity 𝑢̇ 3 and displacement 𝑢3 with respect to the
interface plane, which in turn depend on the strain change of out-ofplane strain during rupture propagation 𝜖̃33 = −𝜈∕𝐸(𝜎̃ 11 + 𝜎̃ 22 ) + 𝜈∕𝐸 𝜎̃ 33 ,
as discussed in Section 3 (Fig. 4). Since the stress components 𝜎̃ 11 and
𝜎̃ 33 are anti-symmetric with respect to the interface, while 𝜎̃ 22 =0 on
the interface (Fig. 5), they result in the anti-symmetry of 𝜖̃33 and hence
generating the out-of-plane slip rate 𝛿̇ 𝐼𝐼𝐼 . This deformation mode also
results in the out-of-plane shear strains 𝜖23 and associated shear stresses
𝜏23 (Figs. 7d and 8d).
Ahead of the rupture tip, the in-plane shear stress component 𝜏12
along the interface plane is at a uniform level of 9.8 MPa, given by the
applied level of pre-stress. As the rupture arrives, 𝜏12 is characterized by
an initial rapid increase over the pre-stress level, up to about 12 MPa,
10
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Fig. 13. Maps of the out of plane stress 𝜎33 and degree of plane strain 𝐷 on the interface plane 𝑥2 = 0+ , on the first row of elements above the interface, at three time instants
and for the plate of thickness ℎ = 20 mm.

and by a subsequent drop to 4.5 MPa (Figs. 7c and 8c), consistent with
experimental measurements on the outer surface (Rubino et al., 2017).
Since the interface-normal stress 𝜎22 is constant along the interface,
the in-plane shear stress variations are directly linked to the friction
evolution 𝑓 = 𝜏12 ∕𝜎22 , observed experimentally (Rubino et al., 2017).
Note that the through-thickness profiles of the in-plane slip rate and
shear stress, which are associated with the rupture front, present a
slight convexity towards the unruptured portion of the interface for
most of the interface and a concavity in the proximity of the freesurfaces, at 𝑥3 = ± ℎ∕2. This shows that the rupture front is not planar
but rather has the more complex geometry suggested by Figs. 7a–c and
8a–c.

thickness, as revealed by Fig. 6, we map 𝜎33 (𝑥1 , 𝑥3 ) on the interface
plane 𝑥2 = 0+ (Figs. 12 and 13). One quantity useful to monitor
the state of stress is the degree of plane strain, defined as the ratio:
|𝜎33 ∕(𝜈 (𝜎11 + 𝜎22 ))|. The degree of plane strain is a measure of the stress
three-dimensionality in the proximity of the rupture tip. In plane-strain
conditions, it is equal to 1 as 𝜎33 = −𝜈 (𝜎11 + 𝜎22 ), and it is equal to
zero in plane-stress conditions when 𝜎33 = 0, or at the free surface.
This ratio has been used in previous studies to explore stress threedimensionality in mode I cracks (Rosakis et al., 1990; Tippur, 1990;
Lee and Rosakis, 1993). In general, it can be shown that, using the
superposition principle, the stress solution of a 3D problem can be
decomposed in a 2D plane-strain problem and a remainder solution.
Under symmetric loading conditions, such as those used in the crack
problem of Rosakis et al. (1990), Tippur (1990), Lee and Rosakis
(1993), the remainder solution becomes zero and the stress field in
the near-tip region is given by the 2D plane strain solution. Since
here we are interested in studying mode II rupture propagation along
interfaces under (non-symmetric) pre-stressed conditions, we track the

3.4. Out-of-plane stress map over the interface plane
To understand how dynamic rupture propagation influences the outof-plane stress component 𝜎33 , and its transition from the free-surface
condition 𝜎33 = 0 at 𝑥3 = ± ℎ∕2 to nonzero values attained through the
11

Mechanics of Materials 164 (2022) 104098

R. Rezakhani et al.

Fig. 14. Plots of the out-of-plane stress and ratio 𝐷 across the thickness, at the cross-section 𝜒 shown in Figs. 12 and 13. 𝜎33 versus 𝑥3 ∕ℎ for (a) 10 mm and (b) 20 mm
thick specimens at the three time instants presented in Figs. 12 and 13. These curves are plotted at the rupture front, where 𝐷 reaches its maximum value. The stress ratio
0
0
𝐷 = |𝜎33 ∕(𝜈 × (𝜎̃ 11 + 𝜎̃ 22 ))| is plotted vs. 𝑥3 ∕ℎ along the same cross-sections for (c) 10 mm and (d) 20 mm thick samples. 𝜎̃ 11 = 𝜎11 − 𝜎11
and 𝜎̃ 22 = 𝜎22 − 𝜎22
are stress components
subtracted by the far field applied stresses depicted in Fig. 1.

stress changes 𝜎̃ 𝑖𝑗 = 𝜎𝑖𝑗 − 𝜎𝑖𝑗0 , where 𝜎𝑖𝑗0 is the applied pre-stress. The
degree of plane strain is then defined with respect to the stress changes
as: 𝐷 = |𝜎̃ 33 ∕(𝜈 (𝜎̃ 11 + 𝜎̃ 22 ))|. Note that 𝜎̃ 33 = 𝜎33 , as the initial loading
configuration results in plane-stress conditions. The ratio 𝐷 so defined
is still a measure of the stress three-dimensionality in the proximity of
the rupture tip. The condition 𝐷 = 1, when 𝜎̃ 33 = −𝜈(𝜎̃ 11 + 𝜎̃ 22 ), indicates
a plane-strain-like condition in the stress field 𝜎̃ 𝑖𝑗 . On the other hand
𝐷 → 0 as 𝜎̃ 33 approaches zero at the free surface. However, 𝐷 is not
defined ahead of the rupture tip.
The maps of out-of-plane stress 𝜎33 over the interface plane confirm
plane-stress conditions in the specimen before rupture arrival (Figs. 12
and 13). The plots are given for the first row of elements immediately
above the interface (𝑥2 = 0+ ). As the dynamic rupture arrives, 𝜎33
sharply deviates from plane-stress conditions, inducing a three dimensional state of stress in the bulk of the specimen, for both thicknesses
considered. The out-of-plane stress becomes positive at the rupture tip
with a maximum value at the midplane (𝑥3 = 0), and increasing as
the rupture propagates along the interface. Snapshots of 𝜎33 over the
interface reveal how the out-of-plane increases from just shy of 4 MPa
at 𝑡 = 18 μs (Fig. 12a) to nearly 7 MPa, at 𝑡 = 54 μs (Fig. 12c), in the case
of the 10 mm thick specimen, and even larger values of 𝜎33 are attained
in the case of the 20 mm thick specimen. Meanwhile, as the out-ofplane stress 𝜎33 increases, the stress ratio 𝐷 also picks up and reaches
the value of 𝐷 = 1 at the midplane, indicating plane-strain conditions
in the stress changes 𝜎̃ 𝑖𝑗 . Behind the rupture tip, 𝐷 is still positive but

attests levels less than one, indicating a fully three-dimensional stress
state, even with respect to the stress change.
Following the initial region of tensile (compressive) stresses, immediately above (below) the interface, the out-of-plane stress develops
compressive (tensile) crisscrossing features, intersecting at the midplane (Figs. 12 and 13). These features are inclined by an angle 𝛽 =
arcsin 𝑐𝑠 ∕𝑉𝑟 with respect to the free-surface, similarly to what observed
with the slip rate features (Figs. 10 and 11). As the rupture propagates
along the interface, these sharp features intensify and extend almost
all the way to the interface. A selection of snapshots of 𝜎33 (𝑥1 , 𝑥3 )
on the plane 𝑥3 = 0+ reveals that the pattern of negative 𝜎33 has
not developed yet at the early stages of rupture propagation time
(𝑡 = 18 μs) (Figs. 12a and 13a, for the two thicknesses respectively).
The pattern starts developing at 𝑡 = 36 μs (Figs. 12b and 13b) and
intensifies as the later stages of rupture propagation, showing higher
magnitudes at 𝑡 = 54 μs (Figs. 12c and 13c). The crisscrossing pattern
is most evident just after the tensile region behind the rupture tip, but a
similar, repeating pattern is present though attenuating further behind,
as suggested by Fig. 6. Note that the 𝜎33 (𝑥1 , 𝑥3 ) on planes 𝑥3 = const has
an anti-symmetric pattern with respect to the interface, so the polarities
just described for 𝜎33 (𝑥1 , 𝑥3 ) immediately above the interface, have
opposite signs below the interface. Snapshots tracking the evolution
of out-of-plane stress on planes during rupture propagation show that
plane stress conditions are recovered after the rupture swipes through
the interface (Figs. 12 and 13). Eventually, plane-stress conditions are
recovered at a distance behind the rupture tip equal to several plate
12
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Fig. 15. Plots of the out-of-plane stress and ratio 𝐷 across the thickness, at the cross-section 𝜓 shown in Figs. 12 and 13. 𝜎33 versus 𝑥3 ∕ℎ for (a) 10 mm and (b) 20 mm thick
specimens at the three time instants presented in Figs. 12 and 13. These curves are plotted just behind the rupture front, where 𝜎33 reaches its maximum value. The stress ratio
0
0
𝐷 = |𝜎33 ∕(𝜈 × (𝜎̃ 11 + 𝜎̃ 22 ))| vs. 𝑥3 ∕ℎ is plotted at the same locations for (c) 10 mm and (d) 20 mm thick samples. 𝜎̃ 11 = 𝜎11 − 𝜎11
and 𝜎̃ 22 = 𝜎22 − 𝜎22
are stress components subtracted
by the far field applied stresses depicted in Fig. 1.

thicknesses. However, most of the 3D effects are attenuated after a
distance equal to twice the plate thickness. These simulations indicate
a more marked three-dimensional effect of dynamic cracks on the
stress field compared to static cracks, where plane stress conditions are
recovered at a distance of half the thickness from crack tip (e.g. Lee
and Rosakis, 1993).
To further understand how quickly the out-of-plane stress deviates
from the free-surface condition, and how the state of stress changes in
the bulk of the specimen during dynamic rupture propagation, we plot
𝜎33 and the ratio 𝐷 vs. 𝑥3 ∕ℎ (Figs. 14 and 15), at the two cross-sections
𝜒 and 𝜓 shown in Figs. 12 and 13, respectively. The two cross-sections
denoted by the planes 𝜒 and 𝜓 are selected because they correspond to
the locations where 𝐷 and 𝜎33 reach their maximum, respectively. The
plane 𝜒 denotes the rupture front, while the plane 𝜓 is a short distance
behind it. The plots of Figs. 14 and 15 show that both the out-of-plane
stress and ratio 𝐷 rapidly deviate from the free-surface condition.
At the rupture tip, the out-of-plane stress reaches a peak that is
more pronounced in the case of ℎ = 20 mm, and flatter for the case
of ℎ = 10 mm. The peak becomes higher as the rupture grows, at larger
level of 𝑡, as previously noted. Most importantly, the plane-strain ratio
𝐷 reaches the level 𝐷 = 1, indicating plane strain conditions, in the
stress change field, at the rupture tip. This region is more extended for
the case of ℎ = 20 mm, even considering non-dimensional values of
the 𝑥3 ∕ℎ (Figs. 14d and 15d). Behind the rupture tip, both quantities
reach a maximum with a small and more extended plateau in the case
of ℎ = 10 and 20 mm, respectively (Figs. 14 and 15). In the case of

larger specimen, besides the plateau there is also a small dip in both
𝜎33 and 𝐷 at the midplane. The out-of-plane stress reaches the highest
values at this cross-section, while the stress ratio 𝐷 is below one here,
indicating a fully three-dimensional stress state behind the rupture tip.
4. Conclusions
The stress state in plates is often assumed to be plane stress, due to
the out-of-plane stress components satisfying the free-surface boundary conditions, and to the small thickness compared to other plate
dimensions. This simplifying assumption has practical experimental
implications in obtaining the out-of-plane components using a 2D measurement approach, as out-of-plane displacements could be computed
directly from the in-plane components under plane-stress conditions.
The present three dimensional finite element simulations show that dynamic rupture propagation perturbs the pre-existing plane-stress state
with the development of marked out-of-plane stresses in the interior
of the plate, particularly in the near-rupture tip. The stress state in
the interior affects the in-plane displacements and particle velocities
on the outer surface. The practical consequence is that out-of-plane
displacements cannot be simply obtained from the in-plane components
but need integration of the three-dimensional stress state in the interior, or direct measurement through a 3D system. These simulations
emphasize the effect of the out-of-plane stresses even for plates of such
small thicknesses, where the presence of 𝜎33 contributes to modify the
in-plane displacements and particle velocities.
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The out-of-plane stress field on the interface plane presents complex features, with sharp variations over the plane-stress and freesurface condition immediately behind the rupture tip. These initial
variations are followed by a crisscrossing pattern intensifying as the
rupture develops. The degree of plane strain defined over the stress
changes 𝐷 = |𝜎̃ 33 ∕(𝜈 (𝜎̃ 11 + 𝜎̃ 22 ))| provides a measure of the stress threedimensionality in the near-rupture tip. Mapping the ratio 𝐷 over the
interface plane reveals rapid deviations from plane-stress conditions at
the rupture tip, with plane-strain-like conditions in the stress changes
establishing at the rupture front, and then evolving into a fully threedimensional stress state behind the rupture tip. Interestingly, while 𝐷
has its maximum at the rupture tip, the out-of-plane stress reaches
its maximum at some distance behind the rupture front. The stress
conditions revert to plane stress after a distance behind the rupture
front equal to several times the plate thickness, indicating a more
pronounced effect of dynamic ruptures compared to previous studies
of static cracks, where plane-stress conditions are recovered half a
thickness away from the crack tip.
The particle velocity and shear stress pattern on the interface plane
is complex and reveals marked features crisscrossing the interface.
While the predominant motion is in the interface-parallel direction, the
anti-symmetric out-of-plane velocity field produces an out-of-plane slip
rate, which would not be predicted under pure plane-strain conditions,
but would be expected under plane-stress condition, though with a
different magnitude. Previous experimental measurements of dynamic
ruptures in plates showed a characteristic double-peak profile in the slip
rate, for ruptures propagating at supershear speeds. This feature was
attributed to the formation of shear Mach fronts propagating through
the thickness of the specimen and which would result in a second
peak in slip rate. Particle velocity measurements performed on plates
of various thickness were consistent with this interpretation. However,
previous numerical simulations typically assumed 2D stress conditions
and did not show the double-peak effect which is a result of the
finite plate thickness. The present finite-element simulations verify this
hypothesis, for plates of two different thicknesses, by showing the inner
structure of the discontinuity features, not accessible to experimental
measurements.
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